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Recall the sum principle:

SUT| = || + T
The disjoint union is required.
You may recall from prior life that 1)

|[SUT| =S|+ |T|—|SNT]|

Every element in the intersection is counted twice in the first part. The double-counting must
be corrected.
Goal: Generalize 1) to work with any finite collection

S1,S5,..8, C S

For n=2,
|S| = [S1U S2| + ]S\ (S1U S2)|

So if we know |S| and |S \ (S1 U S2)|, then we know |S; U S3|. We will focus on terms like
1S\ (51U 52)].

Theorem 0.1. The Principle of Inclusion and Fxclusion: Let S be finite and S1,52,...,5, C S.

Then,
S\ U si=Isl- Y IS+ Y IS0 -+ (1" () i

1<i<n 1<i<n 1<i<j<n 1<i<n

Proof. 1t suffices to show that for any s in S, its contribution to LHS is the same as its contribution
to RHS.
Consider any s in S; there are two cases:

1)
i=1

LHS: So, s € |J;_; S; which contributes 1 to the count.

RHS: s is in S, so it is accounted for in |S|. s is not in any of the intersections, so in total it
contributes 1 to the count of RHS.

2)

n
s € USZ
=1

. Suppose s € S; for exactly m > 1 of the sets S, 5, ..., S,
LHS:
s ¢ S\ULSi

so it contributes 0 to LHS.
RHS: We know that s € §; N S;,,...Sj,, a k-subset of the m subsets that contain s. Based on
the alternating signs,



because

Application 1: Derangements
A permutation is a bijection

7 [n] = [n]

For example, in one line notation and function notation we have
T=4,1,2,3

(1) =2,7(2) =3,7(3) =4,7(4) =1

A permutation is a derangement if 7 (i) # i Vi € [n].
How many derangements of [n] are there?
Idea: use PIE to “count with restrictions”:

1. S: the set of all objects
2. S;: the subset of S that violates the ith restriction

3. S\ Ui, Si: the subset of S that meet all restrictions.
In the case of derangements,

1. S =S, the set of all permutations on [n]

2. S; €S, such that m € S; < w(i) =1

3. S\ Ui, Si is the set of derangements
So the number of derangements is D(n) =[S\ !, Si|

m=1,2,..n = 7 € S;Vi € [n]. The intersections over S, .., S,, are non-trivial.
Note that any 7 € .S; looks like

oY), 7 N2), . i = 1), i, m i+ 1), ., (n)
Except for the i, 7 is a permutation on n-1 letters.

|S;| = (n —1)!
There are (Tf) choices for S;, so

ZZ:; |Si| = <T> (n—1)!=n(n—1)! =n!

Similarly, any = € S; N.S; looks like



T (1), e 7= 1), 774 (4 1), (G = 1), G 1), ()
Except for i and j, 7 is a permutation on n-2 letters.
|SZ N Sj’ = (’I’L — 2)'
There are (}) options for Sj, S}, so
Sisins = (5) o -2
1<J

In general, for any k number of fixed points, the sum of k-term intersections:

<Zyn—Mh:Z

To sum up (pun intended),

n! n!
= |l =nl—_nl4+ = _ = _1\yn”
MW—W\Q&FH nlt o =g e ()
1=
111 (—1)"
=n! [
D) =nl(l— 33+ 57 = g+ +
For any n > 0.
Corollary: lim, % =1
Proof. For any fixed point n, Dé!") is a truncation of the Taylor series approximation for % O

So a random permutation has a 37 percent chance of being a derangement.
Application 2: Chromatic Polynomials
Given G = (V, E)

1. S={c:V = [t]}
2. For any e = {u,v},Se C S such that c(u) = ¢(v)
3. S\ U.cg Se is the set of proper colorings.

We want [S\ .cp Sel

|S| = t" for n = |V

Consider any F' C E and the induced subgraph Hp = (V, F).

Note that any ¢ € [ cp Se makes all edges in Hr monochromatic, so each connected component
of Hr is monochromatic.

k(HF) is the number of connected components of Hp.

| Neer Sel = t"(HF) since the coloring of the different components are independent of one an-
other.

Using PIE, we have that:

IS\ Sel = >~ = p(G;t)

eckE 0CFCE

Some observations:



Cif |F| = 0, k(HF) = n.

. if |F| = 1, we are picking individual edges, so k(Hp) = n — 1 and the coefficient in front of
t"~1 is the number of edges |E|.

. if |F| = |E|, then k(Hr = k(G), so the smallest power of t with a nonzero coefficient is t*(G).

. P(G;t) is a polynomial.



