MATH 6404: Applied [Combinatorics and] Graph Theory CU Denver

Spring 2026 Instructor: Carlos Martinez

Lecture 9: Solving Recurrence Relations
Date: February 18, 2026 Scribe: Noura Allugmani

1 Algorithm

Given ag, a1, as ... defined by a recurrence relation with some boundary conditions:

1. Multiply the r.r by =™ on both sides, and some over all n > d where d is the smallest index
for which r.r. is valid.

2. Define A(z) = Z anz", and replace it in (1).
n>0

3. Solve for A(x).

4. Find a,, = [z"] A(x) (ideally in closed-form by partial fraction expansion, and if not compu-
tationally).

Example 1.1. ag = 2, and a, = 3a,_1 for n > 1. we know from visual inspection that
a,=2-3", n=0.

Goal: Recover this using the algorithm.

1.

= a,7" = 3a,_12"

= Zanx" = ZSan_lx”

n>1 n=1

2.
A(z) = Z anz"
n>0
Note:

n=1
[}
Z 3a,_12" = 3z Z 12"t
n>1 n>1
=3z Z anx"
n=0
= 3zA(x)

= A(z) — 2 = 3zA(2).



A(z) — 3zA(x) =2
A(z)(1 —3z) =2
_ 2
C1-3a

A(x)

2

4. Eztract an, = [2"] A(z) by expanding 1 as a “geometric series”. We can substitute 3z for

x in . to obtain A(x) = 22-3”1‘”. 1—3x is shorthand for 1-3x+0-2240-234---,

n=>0

— X

and 1131: = 14+3x+3%22 4+ - - is the inverse of 1 —3z4+0-22+0-23 4. ... You should convince
yourself that (1 + 3z + 3222 + - ) (1 — 3z + 022 + 023 + - - ) =1, where 1 is shorthand for
140 - z+0-2%+---

co=1-1=1v

aa=1-3)+3)(1)=0Vv

cn=1(1-0)+(3)(=3)+3%(1)=0 v

Example 1.2. ag = 1,01 = —4, and a, = 4ap_1 — 4an_o,Yn > 2.

1.
= apz" = (dap—1 — dap—o) "
= Z anx" = Z (4dap—1 — 4an—2) x".
n=2 n=2
2.
A(z) = Z anz"
n=0
LHS.
Z apz" = A(x) —ag — a1x
n>2
=A(z) —1+4x
RHS.

n=>2
=4 E ap_1x" —4 E Y
n>=2 n=2
=4z E 12"t — 422 g Y L
n=2 n>2
n 2 n
=4z E apx" — 4x E an®
n>1 n=0

=A(r) — 1+ 4z = 4x(A(x)
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1 —8x

5. Alw) = 1 — 4x + 422
4. Note that:
4 3 . . . . ‘
A(x) = 197 (1= 22)2 by partial fraction expansion. T looks like something we
already know how to deal with. 11}3 = Z ", by replacing 2x for x we have
n=0
L _ Z 202"
1— 2z >0
= 4 = Z 4.2"x"
1—2z

n=0

we will not prove this, but it is a fact that

()

= we follow same strategy of replacing 2z for x in expansion above to find

(1_32@2 - Z3<”J1r1>2%".

n=>0

=A2) =Y <4-2"—3<”J1r1>2") 2",

n=>0

Without proof: the ability of getting a closed form solution as a linear combination of the
reciprocals of the roots of the denominator of the corresponding generating function is possible if
and only if your recurrence relation is linear of fixed number of terms d. (This is to have a rational
generating function.)

Apyd = Claptd—1 + C20ntd—2 + ... + cgan With cq # 0.

Example 1.3. The Fibonacci numbers.

fo=0,fi=1, and fr, = fn—1+ fn—2,n > 2.

1.
= fnx" = (fn—1 + fo_2) ™.

Z fnx" = Z (fn1+ fno2) 2™

n=2 n>2
2.

F(x) = anx"
n=0
LHS.

> far"=F(x) - fo— fiz

n>2
=F(z)—x



RHS.

Z (fn—l + fn—?) " = Z fn—lxn + Z fn—2xn

n=>2 n=2 n=2

=z Z fn—lﬂjn—1 + z? Z fn—an_z

n=2 n>2

= fonx" + 2 Z frnx™

n>1 n=0
=z (F(z) — fo) +a*F(z)
= zF(x) + 22 F(z).

= F(z) —z = 2F(z) + 2*F(2)

3. Solve for F(x) to find F(z) = Fp——t

p_ L 1+v5) 1 [(1-vB\"
RV 2 NG 2

We will find f,, next time, but for now be amazed that it turns out to be always an integer.

4. Find f, = [2"] F(x) as




	Algorithm

